
refect - xi is the actor

Samples by modeling the A11 ross, a possible chasm to assingto
-

class Ci.
- Gut is indeusre

If we don't know P(X) less chicken
is rejectaction

we can estimate it from D it is
a given sample. E ?

iti= EClassification Rin= if i(k] -[k]= 1 is i
=kH

R if i =k+1 I ele
Bayes'Rule

PCC15) -Pe for closess- I, C2,
..., [n

poster -prior.
dikelihood

thusk, 15) =x P(C*]-x
- k=1

eviduce the rist ofchoosy Ciis 1 =PSC: 1*]
in y anal

ifwe have aclasses (mutually the optimal deasion rule?

exclusive, and exhaustiel:C,...,[
· choose Ei i

we have

PCCi]? 0 ad 1) R(:/)<R(/) forall
itk

E, PLC:]=1 and
2) R(:() < R(+1)

⑪[C: (x]-eTecews · reject it
R(2x +1)<R(:/) fr all i

=>bayes classifier:choose the class with
the highestposterior probability. Albeluly

· choose Ei is
1) P(Cr1*]>PCCw() forall hiCi ifP[C: 1x]=a[Cr1X] aud
2) P[C:l]s 1 -A

. action - is the decision to assig · 1]< 1-x for all i
the input to class Ci

· Dir is de loss incurred fortably a cla

temptactually belongs to 25.
· the the expected riskfor taking his Dansion Regen and Davison Bondary

M

R (2:(x) - xxP[Cs/x 80- W
in the case whe

5- 1 LdMin=2? It ..X %x D 0

R)2:15) =2 P(((x) - X 4
D

-YPLC1*] Classication can be viewed as impleating a set
at disammelt Runctors

be minimary the expectal Riskis gi(x),-1,.., k s.t.

maxiing
the expetal probability. choose Ci .Gi (X)-**9w(*)



·

we can choose gi(x) = =R/2:(*)=R(Ci]
Multiscal dusty

·

me an also pt gi(x)-p(*C:) P2C] Astates 31, 2, . .
,
k3

↳
smanwe assume pistless

takes stake itwith aprop
9i,,9i =1

Maximum Likehood Estrator dee =3dich
state is dub

ele
Darantic Approach we can,acenter

·a supple isdrawn from some dishb
=>Y is a redow whe Xi= I al

thatbays a thoun model. X
=0 Brall
i*k

·this word is defined up to a small number > -(X,...,ka)

i pranks. P(* =Y] =G,*qc*.... -4X*
sma only zu Xi rs = 1

that got(m,2 brandPateapproact P(Y=Y)=q, . .g*....
Statistic -q"= =9i

· any
value that is calcald from a grensample

· parants:q,9,..., s
·a statistra is said to be suffrant (for i.e. P(*1 q.,82, ...,qn]

nahltu practic I in you a sarpe, X-3x.3*21
-no Further intamabon can be incred each X is a 5-cusal

From after statistes calculate for the ern-hatvector

same sample. beta is

e.g. X,X2. ..., Xu windN(1,04 I (q., ...,q-(x) =
=P(Y/q.. .. .,qr)

- the same man met
=p(x/a, ...., qe~Ex

in
v

2 I Xn.

go..... gett- th imple vaace 52cpyE(xi -m) &,
dagreRub n=1

~

- w Xei
=

- th (m,52) is asaltic statste for .

9i
(u,04 the by-balhood

using suffrent statistics, we

can get
< (q,,..,4=(v)eeeet-

statistral modelswith only ↑
ew W

parameters
Fallogy Masum Lukthood, we need to

Paratric Approach sche

matdensity estimator
...

3 sit.
..,E.Kaibee

-3S he Eriedp()
E

·Nat - samphal from
p(X(E) as likely E possible

Mikelhood

-

is

->

Tibai-x.
e

· maxes the libalhood of Aguu X:
110(X): =P(X/8) -pIx? I) 9 = 1

·

eqo maximize the by-ihthad it ofgu sra G abes not deal
x

it Belle Fren

Toe -nee/x):=by11x)zZbyIx!) -



->

?
=>I==xni

↑
(Emns):



2.1 Bias and variance - gen- ((m2]#

T

G a

up to a
sample from

I

· X:
suge parantpopulation speared

⑦

Imtex in
1=1· d =d(X): an astector of A e

·Lashesdetests ind, we -SEEXre2
·the Mean Squared Error (MSE) of d
for the parenter Ais =(E,(Va(X) + 1(xn]Y +(N1SN-1M2]
r(d,Al =A((d(x) - 1)-]

v(r-1)u]=t-N(Var(Xn)+(x-32) + 1- i /

whatisthe face a N2

/ 2--u2racmess? Imess -t(62 +42) -Duz-
N

brus
the bras old is detroch to be 2 INM

-

be(d) =E(d(X))-
N

-
·if bo(d) =0 for any E, the estimator

82AM- NO2+NM = 0U2 --

is sarchto be unbiased N

· otherwise it is biasedo =-)-
Example bras Mhf Gussion dusity.

&
N Now,

be (t 1 [n]-02Noon

MunsrmE*xe = -82 IO

N
here EEisa based estrator it o

E [unS(Eere Nauthless.El Ern]or-
-
. jeg is asample verance

=>

brCMun)=e[Yn]-M =r-uD

we say
that Munkis an

aband extentor bras-vonne Rannele
x renter disofM. r(d,f)=E( Da-sl] auto in
-

Oath oth had =E((d -A(d] + A(d] --)

#(8n] =Ex-n)-2.3 - E((d -A[d])H([(d) - b) -2(d-E[d]) (A(d)-b]

=I[(X--r)] -? (X-2xm+m) -(6)
+([1-e+2*[(-1[a3)(A363-

=2(X] - 2E, ([x-m) +2(m) =

82 +((d]-A) +2(((d]-1)A[d-A[d]]
-

=- (45d] - 12 - 2(A(d)- f)((d) - E(d])

-zen- inthe

=82([d]-A)

-

r(d,A) =Var(d) + ([[d]- E)2
N v (d, A) - Va(d) + (bras(d))2



scone Renton Bages' dusity Estater

. given a by-bhlhad Runcta combring p(t) with Helikekhood dusty
p/X/A), we have, by Bayes rule,

((01x) - ly(p(n(t)) p(f(x) =P()-oeeN21

m date the Fister score durchon to be

Pays (2) =p/=(X)-[pl.f/XDdAS(f(x): =2x) =Sp/x /8, Xp(eIXdA-

· fer MLE, S(Ene/X)=3 = (p(=(f)p(f(X)de)
· fact (S(11X] =D ofonly I had a way

to integrate....
·

thereit inducta duckhadto be
· Pa(Y)=(P(*/e),

y(0) = =Var(s(f(x)) ↓

·mural integration methods do notwork
ive as in high oneson.

= -E(zx] · we will need to use sampling methods, which
we will discuss later in the burst.

Bayes dusty estrator

Va(S(1IX)) =E(SCAIX-E[S(AIX] subjectre

I
objecte

=(((*)7 =A(*] Poze(*)=(p()p/s/X)hABenzennal
· remark. It des males

seenthataboute we had Pb():(p(* /e)p(fIX)dA
saneretor and He of a single
observation in in He sample. we suppose p(AX) isoverbated overand a single

justset Xe pent the

-S(81X-).he Spe)p(/XdA
=(p(x(f)]= p(x1)

and A-p(f(x)

I(f1x=xi):=Vw(s(11Xil)=-ell
·

bor,aunt hasty estrator is, inte· we

The Bayesian estrator
· aster chore: :EMAD be deal by

Punz (*) =p(= (Ennel Emp=arymax,p(f(X)
where as isdeal by maximizyde
(bg-) likehood.

The Bayasin view

·bere loony at a sample, we may
have ↳

some prior knowledge on the parate A

· that is, we has a prior density p(t)
·ifthe parameter of our model, A, is regarded
as a random variable, then we can detrace

· the prior p(A)
·the pooro(A((x)

· Hhe lkebed p(X/A) ·de jout probability p(X,f) =p(X(f)o(t)



Gaussia MAP
Consich N(x17,02) we 82 is brown and

fixed.Also
-

Enso=et=
p(t) =N(0(1,04 =t e

P

10
2π 3

N

you a sample x =3Xa]n-dN(x11,02)
. getmolten dare ser the MAD:

(X, X ..., xn1E) Ebayes=* (A1X]=(Ap(AIX) dAp(XIOD=p (* S x
P I2// 21.

=p(x,(t)p(x)f).p(Xn(f) ·How do we choose He prior p(A)?W

1 D · ifp(A) is chosen so that

-Txle p(e)) is ofthe same parametric/2

-
- ·2 form as p(A), the pLA) is said
7

2π to be a

cony
ate prior for theI (Xn- f) ·uy

-I -

-T 202 likelihood p(X/s)
·For a gaussian likelihood, we can choose

I ~(X-A) a Gaussia conjugate priorI -- I
-ze 282 =1

Ganjugate peer for multional dubukhord
Dutp= argmx p(f/X)

=arymax by (p(f/X) Recalltablesstate with babieshere
-arymaxby (p(.X(x) p(t)) one-hotvector

· Paandrs:(q,...,qx)
N

= arymatby(p(X(t) +byp(t)
· lvelhood:p(x() -Ii2

Gi
n=1i
=1

2by tannic&irrelAgentric or Exce Now take the prior
to be a Dirichlet

n= 1 distributon:

by other -by- p(g): Dir(I/)
↑

D

Xi -1
↑

Ri-argmax(-byo(2)- erIX--Al -i =1I - --
i=1e

-bytei-cl normalschen Mentor
↑

-byocr-oruret
die Erda....,Gr much: Iargmax(-NbyT- Iz(*ede IIne(n-1)!-

&(Nag-box - A2-by
huse, the posteriorp(X)

E

p(y(x) < p(X))p(y)
N L Xai R
I I-

-- e I i =19 =qigg2(I, ,1,xi).,qti =1

-Exi↳
↑ also62 ~Exiqqq,.qqa4qer+-1

121 I
i =Fi i =1

D
I(X- -0) =A=2 &Exniti-1 Let Ni:=Xbe the number it datapet

↑82 =Iq, with stake.""I

-2x -6A =a

-

we writep(X)a,q,(Ni+a:1-1

8.Z,X = 1or +0.NA
to

beexperts(itwil 49: (Notthe

ecoE.e we covete thatDir (II) is a conjugate
prior for P(XIE)



Data
pier,
at

postiliort-podiumalsoprior 2



Parametric Classification and Regression ↑

Classification

gr(x) =- tby(2n) -bgr - (X
Aclasses (C,

. .,
(n) +by (2i)

recall: Bayesdecision rule if we further assure
i. He

prors are all equ p(C1) =P((2) =. .. =(()h =crymax P(C:(x)
ii. the muses as all earl i =-...-

Eq., me an are "a disarmnt factor E
↳z argmat Gi(d)

g:(x) = p(x)(i) p(ei) discret =orgnas - (x-i)
i

k =crymax gi(x) 2 argmin (x-

Egrehtly we a choseto bobat Regression
y=f(x).

+z

gi(x) =byp(x/(i) +byp((i)(1)
Ifis unbrown, estreld by g(x1A)

Consider a parametric model for 0(x1(i) Assure p(z) =N([10,82)

Assure p(x 1(5) = N(x/Mi, 0i2) it,.., k
th p(y(x)= N(y/g(x)e),02)

Assure we have a sample x
=3Xn5e1

i

Then (1) becomes
-o lug where each In-(Xy)d. p(xxy)

note that p(x,y)= p(y(x) p(x)

gr(x) =- tby(2n) -bgor - (* Thike, the by-bahhood.

+by p(2i) (2) 2(0(x)=by,p(x,y)
Assume that we have a sample A=3X,3E =byp(y-(X) +byp(x)

e

only this dads orwhere each Ent (X2, Ens=agmnxby, plyn/x) (xonechotvector - I

where XnER,
->

30, 193
*

is arehot
-ayat, by leIn

-

St. Erz 3bi
-

argnex-by (24)-Nbg(6)-ocly-gi)
-agnintz, ly.-g(1d

For each class N e
- ECAIX) ervarchatere"=neii ata "bestsores edmeten"

e.g. Our regression
x=1

g(blab,w,)= wo +w,X

82_ Exiplug mto(2) the corresponding error Pareton is

tri
E (w.,w, Ixet ZCy--wo-wix

Now get us and wi

P((i) = ne 3 Eenterherworeite



Thatis,

INwotEneede givgamegredabasedareferen Multi-dimensand
p()- N(! i, ) regression

writ ply,() =N(j)Ax +b,() y
=f(x)+z,tR,f:R-R

Areee)- (i),z( p(y) =N(j/t+b, +A') Estate(I)withSC(i,yeI
n=1 n=1 p(*157eN(x1[3ATL(y-b) -3,z)

Need to solve:A=E whe Zz(1 +ATLAT Felburg the same assumption INN10, TY),
N

111 =vX= (Ex)0 sichly to te ID case, we need to

Multiduensand Classikraton. marice the error Renton
IE1- ifadenly ifxxi = x==xn

all X's as equal Assure de lvr g(*(w)-we +wix,t..
As buy as 1113D, =AE Recall:

y:(*)-by p(*(ei) Now G(i(x)
+ Wp Xy

-byp((i)
E.g. 1 Now *GRP

=I/ywwixwoxef(x) =a* =29:X: Assume

=a p(E /Ci) =NCE,Ei) write Xz

- (t-z"i) "
Ah, actor whose with

+by ([i) I I
21 -> basca smple X= SX5e 3(x,fl,

=>

I=a
fu MH safschor

enty

E =

GigiexerE.g. 2
f(x) =xA whr A-t

=> =1 iii.e tha

(w(x) =E 1y*-xl
E.g. 3 -Ell+XX-Y=(A) =tr(AB)
- : - (A-y1*) 121 settg

Ez XX-TID
↑Cele Eth a

Dausra casity in high drasion v yudds i =(X
+x)xyz wis

- (*-)I"(*-i)
N(1,2) =-

12)121.
2

=>Gi(x) = - dy(2π)-hy (5:1)
aussrechtit is de thatHe g by ·-t(x*-m) I *-mil
↳depels on throry + by ((i)

A=(x-)T
-

(-i) lefts dsyrd bu astant and beat

· A is called the Mahatanobis distance :)= -tbs (Ji) -(*S:

from * to . -2:"mi!Seml+byp(ei)

· this reduces the Euclicken distance I =I 2 -*S:-Simi
- tby/Sil-Im!Simi

Jant Garsten implies andstand ganzen -by((ri)
given a st Gaussia distrib. N(,,z) =>wi !+wie-on

with =24and

x=(*3) =()

I =(EE). 1 = (s)
andstand distrib magnet distob.
p(Xa/x) = N (x)Ma, Anal
Mai-Ma-Saab (xx-rd) p(x) =N (XatMa,Zan)



from paramatic to

on-paratriceagresieng- X +XlleeneRidge regression
WAP = argmax by (p(ut(x1) whre

-aymex by(p(X(i)) +by(p(it) 11 ll1=Iwil
Assury p()=N(,, I) jz0

Emp(alifor
-I(ll) "no absd-from salta"
-

e
=>by plat=-*B MAD estrate with a dekhart pro

D

p() c.e
=CE, (wit

pagmuth?PIXogItoe "Laplasian prior"

-
4. 2dras-varrau dasuporton der regression:Gridge

a review

Ridge regessa yuds · in Gerral, suppose we have a loss

2ndge
=XX" -XTy+T

Factor 2 (t,y (XI). The small age
↳ expated bes is

=>(XX + RI)w=x*y -[L]=3)2(,y(x))p(x,t)d5dtthat is z/XTX+xI)y=:wrdge

weauumSVDdampen
a die
in grassen, Hasane

&S2]-f(3y(x) - +Bp(x,Adxht
X =

Kwasstee Expatd boss
=>XX=AI

=>

XWrdge* *Y(+Iley Ej(y(x;D) -h(x)32]
->

=4A) (12 +ITYty =Enp)-h(*)]]
=

A
+

I (bins)

=y(a(a2+2I)1) uty
->;D)- ep(y()33]

->

=I drag (?) ty Mariance

-> in regression we have voice aswell

-bothwinethe 23h()-t3G,bdE
④

realization
as D Closestat in populate
->

His -

framnice .........~abst itOn the other had truth ↑- &

③Xus-(TA1"Ay sweetene I S
- pace

⑧

I WiY?
~-VET

- Strunken fit

-

J
=

D

-

> -=Uy Restricted
D

ModelSpac
->--

=) Ridge regression gives a shranken
-

verson of estrator supred with

regular linear regression.



- ratric casily estrationNon da

in parametric methods...
Abend estimator is givenby

·we assural that data are drawn
from a probabichly distribution al pixit.(*)
a tirsum form.

· e.g.
· in classifications we assured that ↳mallgiempeatitten
all samples of a class is drawn a)

frantle sue astg I
· in regression, we assumed a

liner
E(xdx x(x) =3serpuloral mol with passin

additive raise.

· assumptions in

are notalways
parametricmethods
good.

· a badmodel
can
lead to on the otter hand dete

lage errors.

Y(x) -4k()
Non-parameter methods, or the other

had, are assury, that the anvolton oft and Iis
similar inputs har (*E)(x) =(((x-)desimilar outputs

Non parametre methods are distribution free.
-(x -x) =(Y-

Assumptions
· assure thesample
X = 3X-3s in which de with this fond view, are can also

observations as drawn is afrom veldets that
sae ibtoun dusily p().

·(i) is a estrator fp() En P(xdx- (n(**E)(Xdx
· consider the univariate case

- In di Fu (x-ndude
xEM

Kernel estimator
-

- In (n E (x-max) ada
· a nave estimator is

a spareform of the kernel estate
- Intniche-1

B(x) -5,k(4)h
↑

is called a benell estimator
a. a
Durza unders.

Naive Estat Gaussian ball

IKezufube?! Itall Klu)-Ase
-
-----

--
-

->e

In gerral, a
bend reten Isabel,

(i) k(u)? 0 forall i A

2) Sakludr=1 MI

Inth(an =1

↳3) The mass of his entrald

!Its



S. 1. Smoothyhands. Expectation Maximization. MhE for GMM
For Gaussian Mixtre Models.

· i am are in a sampleregression
Xe SY?3, how de we

·

gin training set th=3x,y-3, where sempaantric approach derie the ME on the

underlyry GMM
Y. ERY y. EM assimed thatparaetore approach, wethe sample comes

8· assure yn-g(y)of from a brandsInthen In -

non-pratric regression - 11 cases when an assumption is
·w assume close x shold has Intrable and a non prematic approach

is NDT monche, we use a
close y(x). semiparametric approach

runnay.nemedthee Gaussion Mixture Models /xybees
are

bins.

·let I be a radonvariable that -

e

chotes the clustery.

who with) = I" · I is one-hot and cluster. =Inp(x!),,5)imples choory

gerual case · the margmal distribution ove
= Emp(),m,)

Here smoother E is give by

/xeCTen p(7xx)- 4 > plz=s)=e
-

=I(ME)whe 02πx1) C1

-and ;N(EMji
S.2 reviewo b-means. 4:1

bel

3 steps. Intralization sinbr to multi-class cassitration, (n/M,2x).(x--malt"(x--Mal
we can write

- Expectation[E) p(E) =14x*r
: iE"C

- Maximization (M) in a Gaussian Mixtre Model (GMM), ->
=N(x-1Mr,Ir)-(x-Metz-)

Z =N(X-IMr,2a) Ze"(n-Malto conditional distributor p(Y/E) D· we can assure a "caly"is the costs, satshus Thefor N
duotel by fatDxt25N(*ae E ↓ = IMetxeiel., ...,

· we weld like that the "total I
N

distal between datapoints issmall. p*-NCI.E20 -ZU(z)[(Xn-Mal
n=1

I Una IIE. -Toll
we have
CMj-y settry of

Zx=U(zr)EnEU(z)
indicato

· Vax=1 ifin is assigned to the bthdess.

=>p(y)=Ezee
v

to

us:it 28(anIX-
·rx = i YisNOT assiged to the hith
class

thename I, we reach to deckwith both ->By Bayes
->

Erax3 ad 3 Mr 3C which is dealt if
07 =p/zyloseintewe want to Finch the global miner.

· instead, we iteraturely update 3rn3and N(X-/Mr,Ir)
- N(X- IM,ZrZx"SYN?"1 Initialization) raberly intrale,-,P -(ir,Ir) (I -(X--u)(n-wZ)

2. itrauly do deRollsung until EniN(!;,Zs)
the

2
conges." =8(.)(-Z"

E-steps for fixed,..,r fnd [raw3 (I -(X--Ma)(X--Ma)[EY
-that mummie J. He assign pants to the Setting yulds.

Nobrest cute zU(zz)2k =V(zz) (n-Mal(X-M
-21

Mitsapneed retentis huce,

2x =EW(zn)(X--Ma)(X-Ma)

BUT-Knas is detunistic



Lastly, GMM reunited

mx,z)+[Tr-1)
· He likelihood if he complete datet is

g(π)

setting p(X,z (m,z,π)-TEEN(E)Mrz
--Er,E.Ha2

&,N(X- /Mj,Zi) taly by yuldn

over
j =
1

lup(X,z In, z, i)=ZZZnShrbN(x-(Mr.Zal]
N

I2)
= - (2,4r)x =- i

n
=1
5=1

=A

=>R=-N

since ,U(Znx)=- Hax

Tr =n
N

Hence Mht Per GMM

Mr=t EV(z)x
E:,U(z.) (X--Ma)(Xa-Mal

Pr=
Nx=E,v(z)

are U (2x)=reen
Em for GMM

· E-step:expectation
for fixed parameters. Find the

responsibiches.
·M-step:maximizatio

For Frad responsabdates fud
to correspony Ne, Zn, He

gennal EM

suppose
X is the data matrix,

and Zis the corresponding
late variables.

- th
hp(X)f) =h(2p(x,z(e))



General EM allLeshp,(P/EXCal,e
· He expectata - maximization algorithm, or EM

algorithm, is a geral techniqu for Rindry L(y,1) -zp(z/X,f*)hp(x,z1A)
maximum likelihood salutons for probabilistic --

models hurry late variables
- zp(z1X,4)hp(z/X,ad)

· ansch

p(XIt)-p(X,z(0)
-D(A,fe) + const

#(zix,0) (hp(X,z1A)]
· assume I is

discrete and deals with
p(X,zIA) is easor th p(XIA). Spectral Clustering
introduce a distribution 4 (z) over the
I ariables.laton v

KLdirgence for both Kamas andEM, we
· dam
(np(X) -+(q(p) used the baton ofthe data instances [ 3Ya1,

· However, in a
distance-based method, we make

whe decision only based on the relative olocations.

((q,E)-Eq(z)r}* · goal of this section; he want toget your
dimserd features disregardingthe original locations.

52(q1ple- zq(zm)PXs⑨ guidefor projection
(2)

· given E-R", n21...., N
this holds see we want to lookat burdimsen

/

·

S ERK, ne ..
In p(X,z/A)

· suppose furth thatwe are gun a

- hp(z(x,y)-p(X(t) myscore for each par
instances

=(p(z(X,A) +hp(X(f) - Wam=Wmn is the similarity
I

betwe? ach Xa

th
- WarD For simplicity.((1,1) - [q(z(n)xy)3

· the goal is to minimize ZEE?-Emm
=[q(z)(hp(z)X,1)-p(X)y) -ha(z))

·Z one-dimensal case (K21):En ER
= Zq(z)dn() +Iqpx

=

- kL(q(p) +p(x(s) 2Erzuw2z zuer
=>. snu (np(XI)- ((y,f) + kh(qlp) -EEwmtEwen-azu wanIm

M=1121

and k(q11p)2D N

Refre dazz, Wan=Ewmnthreone, L(9, A) is a
bow band

Ihp(X)0)
=

z. chEn-z. WnZm=E

-

Dedray (d, ..,dr)
W=(wan),melSitesunities

N

whose (n, m)th entry is Wam.

·Nanthat ZZZn-zm/wamb
c
=1

nei m
=1

- WE

E-stepexpectation =z (D-W)z whe

maximize Clq,fad) with respect toa · W is the symatic mutix

this I will bepersed to ad WanzD

g(z) - p(z)X,fed) · Dis the dayond matixwith

Dan War
min

M-shp:named and maxure GC1,f)nth respect10of.:D-W.called t(graph) Laplaniftusibil graphalourdata.



Eigenator if Laplac Entropy
·

now we reach to minimize I LE · conside a discrete random variable
X

·= (z,..., Zult stold be the eigenuctor · ifan obsue a specific vale, how
ofL. much Morator isreceived?

· rote the trial eiganetor
· ifwe has ta indepecht events X3- 41st, ..., 175

satinwe hope the information

·L8=DE-WE, whose nith
entry is it (Dum-wam]- h(x,y) =h(x) +h(y)
· but, this yulds to save En far

dent Xu. . since p(x,y)= p(x)p(x), one
Hence, we take I do be the eigenuator good candidate is

orrspody to the sacoon smallest aigenate h(x) =- bby,p(x)
Laplan ergen map suppose thata sander mites to dransmit

·the map
that maps Exin the value a random variable to an receiver

to (En3 B called the Laplacion
· the average amount

ofinformation
eiyenmap. whre = LZ, . . .. , Eatis the

egenerator corresponding to the second
transerfed is obtaed by fatuysmallesteigenvalue of L.
He expection with resets to the

· In case II, we need to take
He nextfeatures in E to be the ergementors distribution Pa(x):
corresponding to the nextsmallest

eigenvales.
· specifically, we will get a Rate A(x] =2 R(x).(-by:Px(x))matrix I of siz N by 5 whose
colurs as gun by the eigenetios.
coresponing to See 2m to Ale

[KAtn'smallest eigardus ofL. = -Px(X)by-Px(x)
. ore we has the Rates Enbre, we en

do clusting on thefactures, instead ofthe · we call A[X] te entropy ofHe
orignal dataports 3x3s. discrete random variable x

· Correspondy we call 2***Hely,
·For instance, we can apply mens za perplexity X.

3 Enb

oforce of smulanty score ·her we undstad p(X)1yzp(x)=>
· in produce, we can choose to only consider mp(x)=0
suderities locally ina neighborhood):

1. eith (fixed radius) Set wam=S Shannon's tore: entropy is a

der IX.-XallE for some preset bur boundon the number of bits
thishald E; needed to transmit the state of

a reneben vorable.
2. or (and number if neighbor)use
B-M:wumFD if X is

away the & neasteighbors
· We can use In instead ofbyz

n of vice usa. so we will have hats instead
· ore comanly use simulants soon for of bits.

neighbors instances is, for sore. Fixed E, · a view from physics: considea set of

I Nichte objects that are dwiddl
wen= exp (-x

amongsta set of bins, sit. Here are

uni objects in de itth bin.

we can do this in W ways (calledthe
mull planty).

W =ni!
=>entropy would then be defied as

the byauthor of He multiplaty.
·

H=mW =(N!--dnh!



Consider large numbers his Suppose the states are gin bus the Lagra multiple method
· by Stirling's formula, 2xbies and no prior information is given; reques. mafmemy.

v! =() felburg this principle, we need to

Lep(xax +2.)(xdx- 1)
thus.fl (n!) =ndan- n maxmize->p(x:) (np(xi) +Ac((oxdx -) +Xe)(x-pods> the exists

itJ

C,C > 0 s.1.

e()n!DE)
s.!. 2p(X:) =1

- aty p(x) as avorable, a
165

get

=>

H =
=[(*)r()--Pihpi

usug zen Lagrage multister.
-(n p(x) - 1 +7,+X+x/x-he maxue

=D

H = = 2p(x)cp(X) +x(zp(in)-1)
the dom of p is

p(x)[exp(-1+x,+xx +xs(x4)2

suppose (51=M =) it has to bea gassion- ee the maxway
Ityulds p(xi)-I

A
max

and the maximal entropy is

· we can interpret the bins as states H =inM
Xfa dsack random varraber
- - that's the srce
whre p(X=xi) =Pi
-

· He entropy ofthe vanabevar X

=- (+(ap(x) +x =eis th

H(p]= -zp(xi)(np(X:)
i

=- 1 - 1p(x1 +x=3
· the atropy I alwas sabsles

x- 1 =(np(xi)
HI D. It is minimical at zero p(xi) - ex

- 1

It =0 aha Re Pi=1
ach all der PjRi=D

->all p(Xr) must be the save

7:2 1loss => pex M

·difentral entropyI Continuous case

H(X7--/p(x)ep/XIdx
Applicator of Entropy. suppose

me has fastened 2ndmante
· suppose a radonve X tales

I p(X).
twordes 2, 3 Lean we need to insider
what we

P(X =E) ad (3p(x)dx=1
p(X = 0)

tecurtstateof bondedthe xp(x)dx - M

SD.

the largest entropy. (Tx -M)2p(x)dx =02mas-xnx-ylny
- ⑧

3.1. xty
=1
Xzyzt

wher we maximize
H(X].



let X.,
...,

Your bea sagrance ef Kullback-herbler (kh) divergence
random varrables draw in aaccorchyto
p(x) · ansider some untam distribution p(X)
· by thelaw oflarge nutmes we have :suppose

wemodelusing an approximate

·the additional information requed
- I (n p(X,....,Xn) to specify the value ofX as a

realt of unsy I
instalt p I

-> E(- (np(X)] =H(p] called the relate entropy
-

or hdraque gun by

· For EDO and any N, He kL(p1q)= =(p(x)(nq(x)dxLet

12 =((X,.,x) =(-th p(X,..., X) -H(p]/2-3
- (-(p(x)dp(x)dx)

is said to be a typical set. =-(0x)en() ax
condhand entropy. =

- Ep(h(-)7 =tp(h(-)]
.suppose we

have a jant dusity
p(X,y).

in general though

ofa vale. IfX is already brown
kL(p11g)= kL(q110)

to the addtend importation needed to Pat kh(p11q)D
spenly the corresponding role of Y is

Notthat in is a convexRuctor
gru by -h p(y(x)

thuhre,

· thereage actionatthe Bol=h()]2 -h(H.(])
by Jasa's Heaven. Frut

&[E(X]]? E[F(x]]
H[y1x]=f/ply,x)lply/x) dy by clay that Ep (8)=/0/xdx

- [q(x)dx21
·lact

=>in(I)=0, se

H(x, y] =H(y(X] +H(x] k((p11p(-m()]2-h[tp(83] =D

Since kh(p)Iq)D
- ((p(y,x)hp/yxdxdy - (p(x)mp(x)dX

=-((ply,xhply/Xdxdy-f(p(y,x)dydp(x)dx
=-(p(y,x)[hp(y)x) +hp(x)]dxdy
-((p(y,x) (n(ply(x).p(x) dxay
2 -f(p(y,x)d(p(,x)dxdy
= H[x,y]



Mutual Information

ifX and Y as creepudet,
thp(x,y)- p(x)p(y)
·for a genal p(X,Y), now close islit
to being velyment,

we cause it to measure.

#(XM - kL(p(X,x)11p(X)o(y))
=f),*em((o)axdy

this is attach the metal usedon↳

beee Xady.YY

· fact

I(X,Y] =H(x]-H(X(y]
-

- H(y)- HEY1X]
-

· fact: H(Y(X)= HCY]

see kh(p(x,y)/p/Xp(y)) <D
I [X,Y]ID

H[Y]-H(YX]2D

H[Y]]HCYIX]

indepedre band an entropy.
·fect: letXi, ..., Xu be dram accody
to p(X..., Xel;the

H(X.,..., Xr] 5.EA(Xn]
sre H(X.,..., Xr] =H[X,] +HIX,....,XIX,]

H[X1, ..., XuIX,Je HIX,, .., Xe IX, Xe) + H(X, IXi]

->H(X,,.., XJz H(X,] +H[XIX,] +. +H[XrIX.,..., X-]
snce

A(X=1 Xi] [H [X:]

=>H(X, ...,X] IEK(X:]



KL-duegree. th divergence is Convex.
- suppose that data is beng gematal from
an unknown distribution p(y) thatwe wish to

· th divague kh(p1q) is convex in (p,g):model.
- we can try to approximate using some for any (p,, 4.1, (p2, 921,02 11,
pararatne distrib q(*1A).
-

one way to daterme & is to minimize----
KL divergence from p(x) to q (x1A). I

with respect toA. but .... i kn(2p, +(1
-x)pcllq, +(1 -x(qe)

·

sine are at know pli),we nsted use

I

↳ !our setofobsured drawing points indraw!-
jetat. I

ik(p. 11a.) +(1-pelqe)Fremp(X).
· t loy-Sum Fregelty.

kL(p11q) =2) -pl
n =1 -

- Eardn (?) (Ean)en(E Cthis would be the only term remony
n
=1

->Itis equivalent as tominming the
Maxum hikelhosch the inequality I yields the following

calultor

Mp,(X) +(1 -Mpi(x) dn
-x)pe(X)

Mutival Information
xq,(x) +(1 - x)qe(x)

· if Y ad Iare indepacht, the p(x,y)<p(x)ply) L

for a goural pli,y), how close is it to berg
xp,(X)dn +H-xpXdnI

indepecht?

I (x,y) =kL(p(x,y)11p(x),p(x)) who hastefor it be longSun megachty

=)(p(x,y)ln(00)dx with a,2xp, a2 =(1 - x)pz
b, =xq,bz = (1 -x42

-> fact I(X,]= H(X]- H(YY]
-i(j]-HIy /5] Wh of Gaussian

Letp(x) =N(X,,,z)
and-FactH(Y/5] IHI5] q(x) = N(x,0,I).

smc ACI] - H(Y/X]2I1x,y] 20 fud kh(p1q)
=>H2) = HY/X) th(pRg)=-(ph9-1=plup]

-fact:let ...., isbe drawn accordy to -(P(X)hp(5) dx
p(X , , . . ., u); =- (p/)h NC/zId*

H(xi,...,]?E(x] - - - "x-)dx=-(p(x) h(12
H(x,y) =H[15]+H [5) [H(X] -HIY)
- -

- =-(p()) zh(2n)-hE)-()-l)dx
H(5]2A(X]

=

- th121+(p()-)z-c
2



=h12+p)/-=h2 +(N1418,2)I*dx
-12+ [NI*18,2) (IX+R

+2i)dx-+(z - -TY-i)z)d /
HoddMuckon

change ofvarabr y = I"(*-) -l+(N/Y8,zIIPEx
In *-il"(*-i)=y =ly 1/2

2
te jabbia is 151/2+)-121"

-I +I LikeNY; zydthis - I p()p(*)dE
=a +all let z =u1nT be treign decompositionwilldy I

-I by'll-

+ Lintere "'Tsutydi
=+(v(/,I) lylldy
--

-- rii,Ie:+(expltln↑
=c +I(EN(yil0,1)y: de......, dyo

-

5+t(NE,I): Zid
↑

=+I( (Ny,10,1by:.[N13: 10, 119:43:) -Itie e i +tr(z)

& =1 82 =1 Y
B truze kh(p1q)-+ tr()-C+=c +2 =

e+-
-(Eh(2)+EHtr(EI) - (ElC2Tlt

-

th(21 +E)
on the othe had

= I(Hillstr(21-1121-b)
- (p(x)dq(x)dx

--fo) b N(/8,I)di

--(p)r(te-t*)d
-(old(()"a(p)be-t* de
- a2+((*)/*Idx
- 12+/NC/m,2)II*dx
=h2π +(N)*18,2) II*tlldx



line SVM Example. let = (X.,x3
· let x?, tn 3* be he sample - trang data y= Cy,, y2]
for the desschaton problem,the th 621, -13,ste

·letD(X)=(1, 5 x, x2, x, x2, X,
Yx25Rebel.

- Our SVM sale. - thn D(Y)D(y): 1 + 2x,y, +2xcyc+ 2X1X2y, YatXiYR

is lll +xyz =(X,Y, + Xeye+1)2
-

-

Ty +1)22:k(x,y)Sel (X
An(T x +b]1 for myc.

in practice, we start with he

· the dual problem is poput chores of 5:
N

not Zan-teananteteX -pelynomial:k(x,y) =(**y +11
st..

- Radial Bass Fireton (RBF):
->

andforall,andantig k(,j)=exp(-1x-y I-
282

= Zanta
- symadal:k(*,y): tah (2x5+1)

- In genal, what I can be chosen?

by replay Es by D/En) in the formulation - ifgirak, can an fragure out I?
e SVM:

Ilite
St. ((m+p(x)+b)? 1 for my

also, the dual problem becomes.

max2a-1Eanamtr()D/X
foralle; aaEante=

butusted ofding a good mappey D(), it

is easer to die a "herell",such that

k(En,x) =D(X)b(X)
that, to dyum
N problem bore

max Zan-tZanamtetm/, *m)⑨ n=1

!
an for all n;

e

and I antr=0
a=

y(x)- (x) +b =Zante,X.)-b



Gaussion Processes the
prior is (y) =Ny 18, Kul

· a Gaussin
probability distries andStations(i)
sit. He setofvalues Fy(x) Yeahald · by affect ofgarsson, the meal distrbuton

relat an arbitrys- ofPoits X., ..., Xu jointly It is

has a gaussian distribution

·in highrdo, also called a Gaussian p(E) =(p(E15)p(i)dy =N(+1,()
wander field.

our CNum is
·example? Brazen notion

Cr(,Yr)=k(X?, XI)t"dam
-

· fact: a Gasin process is completely determind the ads holds and is place by Nth (galinowby
- expectation [(y(x)]=u(x)

= D.Pntm
-

ovariance Corly (x,y(x"))- k(x,x) also, we can say Hut
-I -

· we can dote it as GP(m, k) Cr =k +B 1n

·let's stickwith the regression case with themodel

y(x) =T(x) · consider a testpart in

· onsider a prior distribution ·want to find p(tuxi(I)
pl) -N () ,aI) · First order the jant distributen pin)wh

· then we geta jant distribution for any collection Ex*Ct, ..., tw,trx)

y
(xi),

. . . ,y(x) plt(- N(twilD,(ra)
· It y =(y(Xi), .., y(x) IT:

Crs2 (e) I has dents->,Xirxs(k(xu
I = (wit] for me I

..., N

c =k (X+, Yr,) +*
*(y]=b4(]=0

Cr[]=G ('T] =DEC]DY · then from analysis of Gaussin, CrailE,p
=IDDT =k is also Gaussian withmen auch venrare given by

m(Yr+)- C
·a urddy usc bevel

o(+)- 2-CE
klx,x) =0. el.-ml

+Oz +D,Yu
G D for regression

answer target er with pltlyn)
-N(t)yn,)
· assume the random variable i

follows the GP
desenbach above.

·
the gent distribution ofthe target values,
crctard on Y = Cys, ..., yubt

p(E1) =N (1y,I1



GeneralKernelThey positive demite symmetric kernel
exerice.

⑰reproducing Kernel Hilbert space (RKHS) · Let I be a positie definite symmetric
· a function K: x x x -> R is called

kend.The for any ,t X,

a here our X. k(x,y)) -k(x,y)k(!,
·we want to de Kerrels that can be-e say
writtenas K/E, C I (Y), D(XK for= I ↳D

k(,)k(5,]any pair of,xin X. k=[ac! ) kx,
· here D: X-> I is a det k2 K(x,y)k(x,X)
Hilbertspace (inner-productappeareallis

a

- kx,?0
Feature space. e.g. MR

=>k(X,)k(x,?k(X,x")-
Mercer's Theorem k(,x)=k(xix Reproducing Keral Hulbert Spaz(RkHS)

Letk:*xX-Dbea catmous rendanction. · Lat k:XxX->R be a PDS Kernel.

The admits the fellowing expansion
The there exists a Hulbut space (inproduct
space) I) and a mappiny 1: X+,

k(,1) =2 ; 4; (*)4; ()) sit for any 5,5"EX,
K(X,Yl

jz1

with nonnegative ambers 35;3, and orthonormal =>(D(X),b(X)). Furthermas, this Fil

functions 4,C.1: x -> Riffitfiesthe
satraches to reproducer property:for any

-

(Mercer condition: I also FG Et,f(x) =2f, K(X,1)x.

4,4)=0 JK,ffdd0 14;ll=1ths Etis called a reproducing read
11 Hutbut space (RK1S]

(4; (*) Yidx for alljfor any integrable fanation of. · in general, a Halbert space It is said
to be an RAAS if the exists a function

k(...): x xx-R s.t.

letDj(x) = (,4,(x),rP(X).... 1. (x,) 6It for cry * - X

In k(x,x) =D; (MTD,IX) 2. f(x) =(f(.),k(X,.13) formyElt.
·neateless, ifIt is an RAHS, the
K).,.) must be PDS. that is,-Positive dente symmetric Kernel there is is need to distinguish RKH] from

PD) Kernels.

· a functor k: x xx +M is said to be a uniqueness PRKHS
posite definite synetre (PDS] Kamel iffor any

· an RIS contains a waymykernel
3 Yn3n*EX, the matrixGawhose (n,mith -

endy is grea by AC,m), is a symmetric posite wits." Hard does a

semifinte matrix.

· that is to say, the eigurches of as all veurryce.
· eq. for my vector, TKED

· This K is called the kerned matrix, or the
-

gram matrix assocratal with-



Suppose of is a RAH5with PDS heads k, k'.
gerral, regulation

N

proben

The f(x) =1, k(,)I un HCF]=Alynifll+Iflcfeft
and f(x) =LF, k',)3s for any felt,

x = X. search for the best map offromRKAS

True. LF, h(X,)
-k'X,,s, have, It which centers all posible solutions.
e

a RHAS car map to wore the are reproducing

His-(3e4, (x))-Kernel.

Feature Spae Representer Theorem
.

given a RAS with a PDS hand k, my Hulbut Let k:xxX -> H be a PDS hend whose

space (inner-product space) # st.2 D:X->it with RNA] ist.Then, for my non-creasing function
DIY, YY

= (D(X),p(x)) for any par D: R- M and any loss function 2, the optimization

x,l m
X is called a feature space and this D problem

S called a feature map

· in gerral, a PDS hard I des NDTmogels

Hs]: llan,fall +G(IfIzddetrones the feature space.
n=1

· it das ist umguly determe Hechmeenalty if
admits abelchen ifthe formReafre either. te- Fine

Mercer's Theorem k(,x)=k(xix
**

=Eckle, .
n=1

Letk:*xx-Dbea camous symmetric function. for instance, in SVM the optimize is you by.--

The admits the fellowing expansion

k(,1) =2; 4; (*)4; ())
y(x) - Zanteh(Yn,) +bjz1

with nonnegative ambers 35;3,
ifandoverarefunctions 4;(.): X -> R

-

no
↓)
Mercer condition I also
44,4)=0 jk,f(f(ddY10 14;ll=1

11

(4; (*) Yidx
for any integrable fanation of. for all j

this isa reproducing kernel for
( =(f), ] s.t.

<,g):=29,i

understanding Mercer's tour.

let Xe 3En3, k =[K(En, Xal],m=
ad E: X-RN with fn =f(*n).

· thn ETES and k =2,E,;j,
· h(Yn,r)=kum (VMUmZit;Vin Umj

j



Sampling Methods: Why and How? Simple simply methods

in genal, as an evaluate assure we can generate (pseudo-random numbers

uniformly distributed in (0, 1).

s =(f(x)p(X)d5 ·

suppose the y
= f(z) ahre z UnfC0,1) is

·Y is be den, we can apply
uniformdistributed in (0,1)

numeral integration:
evalate the integrandatgrid · the is "pushed forward"by f to produce y.
ports and tate the sun. The inform dusity is also "pushed formed"

· Butin E is high dim.
to produce the corresponchly dusity of yo

-

so that the probability ofany ever to

·suppose we are able to draw reased by casing py, should substy.
i. i.d samples ...... u from te

desiby p(X).
·Her calculate Py() =P=(f-(A))

5 =trn) ↳ Pylyldy=(_-(E)dz
as an estrator for s2[f(x)p/Y)de
· bu to sample from a you denaty?

=>Pyly)dyz P7(3)dz
A

Monte Carb sampling. Py(y) =le
· the estimator intale unbrased:

=1

=>Py(y) =b
*[332trn] =ses ·Now, we need to design of

. also, by law of large numbers, z =6dz =14P(y)by =ih(y)
Ledff

mS =s
y
= h+(z)

· Labe f =h*,He muse function if
by the Central Limit Theorem (CLT), the te CDFFy.

estrator 5 =fl anweges in distribution f=hl
to a round distribution with means and variance

· by sampling a large number of dataponts, we ------- zvUID,

N-Var(f())

-wall approach the fires mitte small variance. e
D

y



Sample from malformente distub. Rejection Sampling

·puly., ..., 2m) -Palz....,zulle) up topestbit ina.
PE

p(E)- E PE)
Box-Muller method for Gassion

·lt q(E), called a proposal distribution,
· it starts by gurating samples froma be simple (we can draw samples from Gl.
unform distribute insich ten mit crude.

· lt k be a constant sit.kq(z)-p(z)
·. unforbly are Z.,Zaltformat for all EP.

dist

~D 1. Generate . -q(E)
01 2. Generate No U(0, kq(E))

- Grate z1=2Z,--,m-UCs,1), 3. N 403 P(E) reject!, else, accept1
-1

- Gude zz = 2E whe EWUCD, I

reject. (Z,ZIT ifZi+E)1

-
2z, (r)" yu

· 2. apply the tranfor

Aman t=zz( r2)" when r2=7,2 +E --the it is easy to verity? -
--- f

pleyl-plz,zelle
-

s
· (e-e Jug

-

the resul samples are distributed
according to D (2) which is the normated

F B(z).versten

-
u -

- -

importance simply addresses the proble I
evaluatingthe expectation of a function f(z)Importance Sampling with respect to a distribution p(z) from

· In s =fF(*p(X)dY, th spe which it is difficultto draw samples directly.
way Instead, samples. 2 E41)] are drawer for a simpler

Ifdecomposy p(f(*) shall not mutter. distribution q(z) and thecorrespray tans inte
sunction are waighted by te ration p (z(7)

- I(z(l)p(x)f(x) =q(*) P(*
/

·

wsasamplefrom a useit I p(z) q(z) f(z)

c=1,-p
e· instead atcallaby(itis-

N

~
calculate

523 =x-z

1.



Marker Chain Monte Carb Metropolis - Hastings (MH)
· in practice it isafterinfeasible to simple · assume we can evaluate p)=p()/I
Fom qor any good q, due to curso if for some (possibly unknown) Z.
dimonality.

· atHe beginning, choose a conditional density

-
brlstributeis wrker chain whose

function, the proposal kernel q

1. initialize E4

markov Chain 2. itrak: atstep 9,

· assume thatx has countably many
states,

say x
E N. 1) gerate(H) -q(y/Y)

· we entralize some distribution q(0).

· hope:astrict a
marker chain 3q",20

2) fabin (+1)_GI*with probability p(yc,ysti))so that [q(XS aurges to p(X). ** with probability 1 -P(x, y"(+1)
·For each probability distribution , we

describe it as a vector is whose ithusly
is gun by

Vi
=q(x=i)

where p(x,y)zmin( ).
· by the marrow property.

q("(x)- zq"(x)x) Example:Rosenbrock desig
x

- we assure

p(x., x2) 2p(x,xx) =exp(-(x-x))
transition probably

thewayit:
probably bes

from x to X27days withs 1

X2 *

for thecountable case, using
the transition -

Aisi =T(x)=i(x=j) ExmatrixA o

· then (s) =A(5-1)
x,

· recursively E =Ad 1. Intrebe 4 IV(-s,5]2
2. take the proposal karred to be

· under· me milderbedtous, this process converges q(/) =N(y/x,021),So

to a stationcy P represented by a
vector : ⑧who 82D:1

A=E how des MH work?
· In almost surely, suppose X., ..., XM are · a suffrentcondition for a marbou
dann for suchmarkorahen. chan to have a stationary distributionsthat

It is "resible":

.FIX)Ex-axes
· discrete case? There exists E s.t.

Ai,j Vj =Aj,Vi
·continuous case:the exists a distribution

never the statespace sit

↑ ()T(/) zT()T/y)



hour, since or proposed q is arbitrary, in geared
↑ (y)q(x /5) = π(Y)gly /).

. nonetheless, say for certan and , w.be.g.

&(/)+(x)=q(*1y)+(y)

thatis, p'(x,y):atte
-
ltp(x,y)= mm1, p'(x,y))

the above isequal to

q(y)x)+(x)(x,y)=g(x(y)+(5)(y,)
here, we realiz that the transition
kenel is nothing but

q(y/((*,y)

Gibbs sampling

· He MH algorth does not lavage my
Struche p(*).
·onsrdr p(*) =p(X, ..., Xm)

· suppose it is easy to sample from

p(xilX-i))
4

x ,..., Xi-, Xitl, ..., Xu

· ateach steps with a(X., ..., Xu)
·I untanly suple an indexfrom 1,...,M
·2. dar a sample z -p(X,/_")
- 3. setX's=(X,",..., XY,Z, x", ..., XY)

itan be thatof as a special case of MI
where g(y/)-plyi(i)

S
-1P(x,y'eqi-te =I



PAC larmy. charn: there des Notexist an algorithm h for
which of (h) =0.

settry:basics ·why?
-domain set:X - thesetofobjects in wish to label ·For every 6

(0,1), onsider

· label set: y-He labels X =(x,,X3 when D([X,3)=1- t,
- For the mount, we consider bury classiration, D(3X)) =t
so y =10,13

· learns imput: 92 ((X,y,1, ..., (,yall 6(XY)*
· the trany set contus mind sexaples.

the sample of trany deter
· leaer's output. hi X-7 a

rule for prediction ·it is possible tartare atsee Xe atall
-usually, we reque this he is chose from a in the tray set.

hypothesis class EC. algorite weld it be able do
· leftbe the correct classifer: we want haf

~thany tee an atexe
·

given data distribution D, we can defer the error ifh wrt.
· we only hope for LCD,f)(h) - for

I tobe
a gun E

(pf(h) =Pxx(h(x)+f(x)]=:D(EXEX:hIEF(X3).this E iscalled the accuracy parcretor.
the distributor D is the fire data detribution, notthe

· considly agar thatX = 5x1,X2].ad
distributor it the trangditonwe simple. D(2x,3)-1-6, D((X))= 1, th

the isa chae EM thatwe keep simply

D X2.

4
fx ·

we allow, haver,our algorithm tofail
with probabilib 2.

· octimother hand, the tranyerror (emprial ever) ofothers I is a
confidence parameter.

his asked to be

can we be probably, appearably correct?
Lich:=h(xilFZil ·letSix=(X., ..., Xml battle instances of

m

In truning set.

where [m]= [1, .
.

.,
m3

· by tray we can achieve the empirical risk minimizer ·m wold like to upper bound the probability
(ERM)

as Zargminths(h) thathis has large error.
· wat: he is correctfor examples notin S.

·that is, we'd like to find an upper bowel

hope:perfecthe DeCIX: 2(p,f)(hs)>t))
- assume: · It Sybete set it bad hypotlases
1. each Ni is sampled i.i.d. accordry toD 2y=3hE)t:h(f)(h) > t3
2.the exists h*tCt a (p,(h)=D

Crealizability assumption). · let a be the setof misleading examples.
· remark: He realizabully assumption automatically M=2S/x: theexists hel
imples thatIs (h*) =0 s.t. Ls(h)z0)

· morow, once he argmuntihs(h), we also have · by redicatiety (s(h)20
↳s (hs)20

· hope:And a perfect algorithm for freigh so that
· thecke 351x:Lb (n) -3cM

20. (h)wD because it SIx LAS, dn hs 67t



she (SIX: (D,(hs)(E3 CM, m agntz PAC leurig
have

· in practice, the realizability assumption
is too restricture.

De(2SIX:hx,f(hs) =3) · consider the data distribution Dover

2b*(n) xxY: pairs ofa datapointand a label

-Pe[SIx:Ehtf, hs (n)-D) La(h) =Px,y) -x(hx)-4]
=D"(,4,S1x:(s (n) =03)

: =D(((x,y): h(x) +y))
-[pe(35k:2s(h) =0)
e

hZB
Compare with what he had before.

↑(3x::h(x)=f(xi)) ↳(2) e
- Em

20(h) =Px[h(x)#f(x)]i =1

-(1-2xp,(h)) ↳17) 1e
- em

i =D(xEX:h(x)ff(x)))
<(1 - E)we

-em

↳ S C

-Embg(51) Ahypothers It is said to be agnostic
mcI by ()) PAC learnable if there exists a function

my:(0,1)2-> A and a learningalgorithm
with the following property:

Probably Approximately Correct(PAC)
lerng.

-

·For every , d t(0, 11, for my
Ahypothers class II is sad to be PAC larnable distribution D over XxY
if the exists a duction MI: (0, 1)-> N ·when runary the learning algorithmand a teary algorithm with the fellowy property:

on mm(E,-S id examples
He· For every , 2 El0, 1), for eary datribution generated by I'1. algorithm returns

D over X, andfor every lately doctorf: X-30,1, a hypothesis ↳ So

iftherealizability assumption holds. c.r.t. with probability ofatleast 1-f
A,D,F, then,

③when runningtheleadalgaegeradeit ((h)10(h')+
by D

·
win probability of atleast1-1

21p,(h) I t

· Mac: (1,1)2 -> N is called the sample
complexity

· In the previous section, we has shown?

-

every finite hypothesis class is PAClamable
with sample complexity

maxE,d(2(kx11)



example: Bayes optimal predictor A hypothers class II is said to be agnostic
PAC learnable wort, a set I and

given any Dove X+30,13, the bot a los function 1: 7xz - MA ifthere
label predictives function will be (the naive exists a function mas: (0, 1)- N and a
Bayes classiker in Lectre 11.

learning algorithm with the followingproperty:
fo(x) =?1iPlz

=11x] /2

8 otterswise
· For my t, d-10,1),for every-

·we can prove thatfor this classifier, distribution D over Z, when running the

is the bestpossible isthe botpossible learning algorithm on m2 mx(E,d) ind
in thesense that ho (f0l [(p(y) examples generated by D. He algorithm

returns a hypothesis h S.t.

for
any other classifier g, i.e., · with probability at at least 1-S

↳ (n) 1ho(h'l+ EFo =ar* ho (t) ·where (n(h):=Ezny [11n,z1]

·however, since we don't know D, we don't

nowistuckisamale:some Learning via uniform onvergence.
E-representative sample
· a trainey set I is called E-representate

Loch) mha(n)+ E itformy hECt,

1, (n)-h(n)) -
=halfp)*t · assure S is t/2-representative, then

anatput as fargminths (h)

beyond binary classification
satisfics (b(hs)20(h) +E

·we can generalize the definition
further by onsidering a gerual Uniform Convergence Propertyloss fanation :2: XZ -B1

· this I isa gerval set.
we say thata hypothesis class it hastle

- we used to take z =XxY uniform convergence properties (UCP) i
- but,or instance, inunsupervised Here exists a function me?: c0,1)2->N
tasks, we cold have z-x

↑ 3. t.
.now we need to conside data distal

For this . for every E,dt(0,1) and for everyD

·

given this loss function I, the error art.
our Z, NS is a sample r m2miled

Hedate diskabutn D and be excrpes sampled in.d.. accorchy to D, then

Li(h):= Ezb4e(n,z)] with probability it at least1-2,
S is --representative

↑

i.e. UCP] agnostic PAC



No Free hunch Theorem Proof
universal learner ·let's proofthe noffree-lunch theorem (Nth!
· in previous discussion, we assure that there is · onsider (2 x s.f. 1C1=2m
a hypothesis class it which serves as the search

· there are Te 22m possible function that maps
space for amochl h. from 2 to 40,13, which are named E,...,T.
·we the fin the ERN hs -aryminet(s (h) · for each i t [T] =31, . . .,

T3, define Di
· It is a prior belief, determined by the task

to bethe following distribution

the fundamental question ofthe NFL term

D(x,y):die, ifyef(x)is "isthis prior beliefncessary?"

in other words
8 else

is it possible to have a universal
learner that works for any task? claim: for every algorithm Athat receives a

more techralle trance set ofin examples from 2x30, 13,

TS ↓ outputsthere on algorithm tha so (d.(A(SI)]?I
a low-risk has long as it receives

a large number oftraining data?

equiudetly thismeans thatfor
a traines setofmemory

algorithm Al thatreceives
dyes there exista

examples from Xx30, 13,

Aand a drainer earningalgortrom there exists a function f. X-> 2S, 13 and a distri-
bution Ds.t. Lp(f)=1 and

·For every distribution D, ifIreceives
M &·m itd examples from D, there's a high Es-or(h(A'(sI)]I

chance it outputs a predictor h with a

bu nish?
·there as k=(2m) possible sequences of an examples

Theorem from C
· denote them by S., ..., Sk

Let Abe
any learning algorithm

·say Ij= (X., ...,
Xm) and

for the task ofbinary classifica wirt. duote Si =((,,fi(X,)),...,a tion

the 0-1 loss over a doman X. Lt m,
(Xn,fi(Xn)))

He size ofthe training set, be any number · ifthe distribution is Di, then the possible trans
with m

S/X1/2. Then, there exists
Sets are Si, I2... S

a distribution D over Xx30, 13 sot.. Es-e (Le(A(S1)] =220.(A(s,))
1. There exists a function
F: X- 30,13 with he (F) =0.

we justneedto show thatthe above

2.With probability of at least I is no less than 14
over the choice ofSex", he have

Li(h)1I where he ACS) is the

entputofthe algorithm.



In " da. (ACS,ll-timein
·fix

sone; 2k];duste Si=(X., ..., Xu)
·letvi,..., up be the examples I not appearing
Sj
· sne IC122m, we have pIm
· therefore, for evry h:C-[D,B3 and erry i, we

have

(ai(h)za, 1(h(x)=f(x)]
12 (h(u) (ur]
=

etz, 1Sh(ur) *(v)]

= E,,1[A(Si)(vr)+fi(vr)]-
me

->this will be righthate the tree

we have stowed that

wesmpin
[L0:(A(s)l]]wel0:(Als;1)
It:1

summary ofthe NFL theorem.

Let Abe any leaving algorithm for the taskofbinary classification
wirl. O-1 less over a domain X. Let m, the size the

training set, with m2/X1/2. The tee
exists a distribution by abexx30,13 sh

1. There exists a function fix- [0, 13 with (b(f)=0
2. With probability at at least Iover the chore ofSue,
we have hp(h)1I ahs h= AS5 is the output ofthe

algorithm.
no restriction on 7)=> not PAC learnable

corollary hat I be an infinite domain set and let
f) bette set fall factors for X to 30, 13. Then, It is↳

not PAC leanable.



Vapnic-Chernonenkis (VC) Let b0=max 3(X,1) t S3
X -M

dimension "He maximum 1 in Six whose label is 1
"

· according to He No-Free-hurch Horem, ifthere b,2min 3(X,0) ES3
x6R

iswerestrationonthehypotheoscases theseare "He mm Xa Six shoe leht is
"

on which it performs poorly. ifno be exists, jet boz-8
· is it because thatlit=??? ifnotbienists, sat b, x

infinite-size classes may be learnable

· let it be the set ofthreshold functions over the Let b be the threshold that mimes de
real line? S

·H= Sha: a DS whreha(X)- 1(x<a)(X)
·trang loss,

· the 171=8 since a can be any real That is, his (hy,) = 0
number.

Claim: ( = Sha:aER] is PAC-learnable say hs:has

bs is a threshold that is correct for all datam S.

Proof: Let atbe a threshold s.t. te hypothesis Also, be [bs2bI

h*(x)==ha(x) =1(xxa+](x) Thatoe, a suffient ondition for
acious ↳ (hs)E (approximately correct).
↳ (h*) = 0

is that both beda and b, 1a,
atexists because in the redizability

andton

-.
in otter words, let melst

-↳ ~(Le(hs)>t) 1 Ppn(b.<a. orb, (a.)
Leta. a* ca, be set. IP (bo (ar)+Pyw(b, >a.)

Po(a.(X(a*)=P(a*(x(a,)=6 Not that be 40i adonly ifall data
17 11

in S are not between do ad at, namely,D(a.x<a+) D(ax2a*)

of 4, oes not exist, the seta = - 00 Aifa, oes notexist, then set a,= Do by

given a trang set S.

getthex x x xx xXX -000

00080 8 Pp(be(40) =Pon (for anyX(S1x,a))
↳(1- E)m



Simmade, Pon(b.a.) (I-f if ( shatters some setC size 2m,

together. · a corollary ofNFL: Let It be a hypostless class
Ifunctions from X to 21, 13. Let m be a

trany sat size. Assume that there exists a set
Por (he(ns) () 2(1-E)2e

*m

&< Xo size Im thatshattendbyH.

settry 2e-
am I I Then for any learn algorithm A, there exists a

distribution & our Xx[0,13 and a productor
Yields heft such thatto (h) - D butwith prot

m?Iby (E) bebility ofat least 1/7 over the choice of

that is. It is PAC-learnable with sample
SmD" we have that (b(A(SII "8.

complexity
n+(Iby()]

shattering
dehnition (restriction of ES toC
LetII be a class offunctions from I to 30,
and let C = 2C, ..., (m)X. The restriction
8) to 1 is testfunction from [I

38,13 thaten be deina front.That is

Ec= 3Ch (c), ...,h(cmil]:ht)t)

definition (shatterne
Ahypothesis class I6 shatters a fail set

CC X ithe restriction ofIS toS is the

set fall functives from 2 to 30, 13. That is

K-el = 21c

example of shattering
· Let(=ch: a R3 wheha(X) =1[x<a](x)
· het e.3. Dess Stshatter?? Yes

what
isatonal

possible

butconnectthe
n(Cr)-1
getfre



VC (Vapnik-Cherronenhis) dimensier

· definition (VI-dimensia): the VC-dmasion ofa hype
theis dass it, doold by VCdim(7)), is the maximal
sizefast day thatcan be shuttered by.
· ifit can shatter sets ofarbitrary large size,
we say It has infinite VC dimension.

· ifVCdim (I) =0,then C is not PAC
learnable

. to show thatVCdim(H)=d rereed to sow

1. There exists a set ofsize a that is
shatted by It.

2. Every set 3 size d+ 1cannot be
shattered by it.


